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SECTION A

1. Find the eigenvalues and normalized eigenvectors of the matrix

2 V6 0
A= VB 1 0
D 0 3

Using these, or otherwise, show that the matrix
) 2

Vi o
P = 2 3

iR o

0 0 1
diagonalizes A such that
f4 0 0
PlAP = | 0 -1 0
\0 0 3

2. Show that the quadratic form
Q = 2% + 4z129 + 4z2 + 63

can be written as
Q = =T Az,

where z = (1, z2, xg)T and A is a real symmetric matrix, which is to be found.
Hence show that Q can be re-expressed in the diagonal form

Q= v + Nyi+ X313,

where the ); are to be determined, by finding a matrix P that satisfies ¢ = Py
where ¥y = (v1, ¥2, y3)T. Find y1, y2 and y3 in terms of z;, z2 and z3 from the
matrix P.

PLEASE TURN OVER
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SECTION B

3

4

(i) Suppose that

P(4)=7, P(B)=1, P(C)=

3
12’ g’
A

P(AmB):P(AmC):P(BmC'):% and P( mBmO)=%.

Calculate P(BUC), P(AUB), P(A|B) and P(AUB|BNC).

(i) In a sequence of success/failure trials the probability of a success is p if the pre-
ceding trial was a success, and ¢ if it was a failure. The initial state, preceding
trial number 1, is taken to be a success.

What are the probabilities that

(a) trials 2 and 3 are both successes ?

(b) no two consecutive trials have the same outcome in trials 1 to 6?

A certain discrete distribution, in which the random variable IV takes integer values
(0, 1,2, ...), is defined by the system of equations

P(N=r+1) = 7‘_/*\_IP(Nzr) for r=0,1,2,....

Why does this system of equations imply that A > 0?7 What does A = 0 imply
about P(N =r)?

Derive the relationship

)\2
P(N=’l"+1) = (’I"—-!—TP.’;‘- P(N=T‘—'1),

express P(N = r) in terms of P(N = 0), and derive an explicit expression for
P(N =r) in terms of 7 and A.

Calculate P(N =7|N > 0) and E(N|N > 0).



[II(4)E 2005]

5. The random variables Y] and Y3 are independent, each generated from the distribu-
tion with density f(y) = ye™ on (0, co). Write down the joint density of ¥; and Y3
and the conditional density of Y3 given Y7.

Calculate E(Y1), E(3Y; — 2Y2) and E(1 13).

Derive the identity

ox<
P(Y; >2Y;) = / y(2y + e ¥dy .
Jo

Given that this integral has value 7/27, calculate the probability that the larger of
Y] and Y, exceeds twice the smaller of ¥; and Ys.

6. A random sample, (y1, ..., Yn), is available from the uniform distribution on (0, 6).
Let Ymin = min(y1, ..., Yn) and Ymer = max(y1, ..., yn) denote the sample mini-
mum and maximum, respectively.

Derive
P(?Jmamgu) = (U/e)n (OSUSB)

Hence, write down the density function of yme, and use it to calculate E(Ymaz) and

var(Ymagz)-

Given that E(ymin) = 6/(n + 1), compare the estimators ¥mee and nymin of 8 in
terms of bias.

Given also that var(ymin) = n6%/ {(n + 1)%(n + 2)}, calculate the ratio of variances,
var(nYmin )/ var(Ymaz ) -

END OF PAPER
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Probabilities for events

For events A, B, and C P{AUB) = P(A)+ P(B)—- P(ANB)

More generally P(U A4;) = Y P(A) - X PANA)+ X PANANA)— -
The odds in favour of A P{A) / P(4)

Conditional probability P(A| B) 13(%2732 provided that P(B) > 0
Chain rule P(ANBNC) = P(A)P(B|A)P(C|ANB)
Bayes' rule P(A|B) P(4) P(B I il_) —
— P(A)P(B|A) + P(A)P(B|A)

A and B are independent if P(B| A) = P(B)

A, B, and C are independent if P(ANBNC) = P(A)P(B)P(C), and
P(ANB) = P(A)P(B), P(BNC) = P(B)P(C), P(CNA) = P(C)P(A)

Probability distribution, expectation and variance

The probability distribution for a discrete random variable X is the complete set of

probabilities {p,} = {P(X = z)}

Expectation FE(X) = p = > zp,

T

1
Sample mean 7 = — Zwk estimates u from random sample z;,zo,...,Z,

L
Variance var(X) = o2 = E{(X —u)?} = E(X?) — u?, where E(X?) =) 2°p,

: 2 1 2 1 2 : 2
Sample variance s = 2 — =)z, estimates o
n—1 15 n\

Standard deviation sd(X) = o

If value y is observed with frequency n,,
~ 2 2
n=) ny, Yo =) Yy, X 3= y'ny
Yy k v k Yy

For function g(z) of z, E{g(X)} =>_ g(z)ps

8|

Tr; —

X —p\® 1
Skewness [, = E( M) is estimated by — Z(
—— n —

g s

X — pu\* 1 _
Kurtosis (3, = E ( /J) — 3 s estimated by I > (z, ) -3
_ o n-—



Sample median Z. If the samplevaluesz,, ..., z, are ordered (1) < Z(2) < -+ < T(n)

F = Ty fnisodd and F = 3 (z(g) + z(agz)) if nis even.
a-quantile Q(a) is such that P(X < Q(a)) = «

Sample a-quantile Q(a) is the sample value for which the proportion of values < Q(a) is
a (using linear interpolation between values on either side)

The sample median % estimates the population median Q(0.5).

Probability distribution for a continuous random variable

The cumulative distribution function (cdf) F(z) = P(X <z) = £(0)dzo
TO=—00
The probability density function (pdf) flz) = diix)

E(X) = p = /_O:omf(a:)da:, var(X) = o® = E(X?) - i,

where E(X?) = /_oo z? f(z)dz

Discrete probability distributions

Discrete Uniform Uniform (n)

1
Pz =~ (x=1,2,...,n) p=z(n+1), o? =1 (n*-1)

Binomial distribution Binomial (n,6)

px=<n)0w(1-9>"-z (z=0,1,2,...,n)  p=nb, o®=nf(l-0)

Z

Poisson distribution Poisson ()
Axe—k

x!

Pz = (x=0,1,2,...) (with A >0) p=2X, o2=2A

Geometric distribution Geometric (9)

| 1-6
pe=(1-0)*10 (£=1,2,3,...) p==, o=
6 62

Continuous probability distributions
Uniform distribution Uniform (o, )

(a<z<ﬁ)’ “=‘(a+ﬁ)/2,

HORE fi-a
0 (otherwise). o2 = (B — a)?/12.



Exponential distribution FEzponential (A)

Ae~ M (0 <z < o0), p=1/x,

0 (—oo <z <0). o?=1/)%.
Normal distribution N (u,0c?)

flz) = \/;Texp{—%(giY} (—o0 < z < 00)
E(X)=p, var(X)=o?

Standard normal distribution N (0,1)

If X is N(u,0?), then Y = X—;l‘— is N(0,1)

Reliability

For a device in continuous operation with failure time random variable 7' having pdf

ft) (>0

The reliability function at time ¢ R(t) = P(T>1t)

The failure rate or hazard function h(t) = f(t)/R(t)

The cumulative hazard H(t) = /Ot h(to)dty, = —In{R(t)}
The Weibull(a, 3) distribution has H(t) = gt

System reliability

For a system of k devices, which operate independently, let
R; = P(D;) = P("device i operates”)

The system reliability, R, is the probability of a path of operating devices

A system of devices in series operates only if every device operates
R=P(D;NDyN---NDy)=RiRy- - Ry
A system of devices in parallel operates if any device operates

R=P(D,UD,U---UDy) =1—-(1=R;)(1 - Ry)---(1—Ry)

Covariance and correlation

The covariance of X and Y cov(X,Y) = E(XY)-{EX)HE®Y)}
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From pairs of observations (1,%1),- -, (Tn,Yn) Sey = D Tk — l(z:scl)(z'y])
k L 3

1 1
Ser = 22—~ z)’,  Sw = D¥-— ;(Zyj)z
k 7

L k

. 1 .

Sample covariance Sey = 7 S, estimates cov(X,Y)
n p—
, - cov (X,Y)
Correlation coefficient = corr(X,Y) = ’
P (X, Y) sd (X) -sd (Y)
. . . Sxy .

Sample correlation coefficient T estimates p

il

Sums of random variables

EX+Y) = EX)+E({Y)
var (X +Y) = var(X)+ var (Y)+2cov(X,Y)
cov (aX +bY, cX +dY) = (ac)var (X)+ (bd)var (Y') + (ad + bc) cov (X, Y)

If X is N(u1,0%), Y is N(uz,03), and cov (X,Y) = ¢,
then X +Y is N(u; + i, 02+ 03 + 2¢)

Bias, standard error, mean square error

If ¢ estimates § (with random variable T' giving t)
Bias of ¢ bias(t) = E(T)-#6
Standard error of ¢ se (t) = sd(T)
Mean square error of t MSE(t) = E{(T —0)’} = {se (t)}? + {bias(t)}?
If T estimates 4, then bias(z) =0, se(Z) =0o/v/n, MSE(@)=0%/n, 5 (T)= s/vn

Central limit property if n is fairly large, T is from N(u, o%/n) approximately

Likelihood

The likelihood is the joint probability as a function of the unknown parameter 6.
For a random sample z1,22,...,Zn

0(6; ©1,20,. .. 2n) = P(Xy=2|0) -+ P(Xn=,|0) (discrete distribution)

00; z1,T2,...,Tn) = f(z1 |0)f(z2]8) - flzn |6) (continuous distribution)

The maximum likelihood estimator (MLE) is @ for which the likelihood is a maximum.
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13.

14.

Confidence intervals

If z1,22,..., 2, are a random sample from N(u,2) and o2 is known, then

the 95% confidence interval for pu is (Z — 1.96—
n

Jn

T4+ 1.06-2

n

)

If o2 is estimated, then from the Student t table for tn-1 we find tg = t,_; g5

The 95% confidence interval for u is (7 — ¢,

Standard normal table

N

S

. .S
T+ to——)

Jn

Values of pdf ¢(y) = f(v) and cdf &(y) = F(y)

$(y) d(y)

y oly) ®(y)

vy 9(y) o)

4

2(y)

.399
397
391
.381
.368
.352
333
312
.290

0 N DD W O

5

.540
579
618
655
.691
726
758
788

9
1.0
1.1
1.2
1.3
14
1.5
1.6
1.7

.266
242
218
194
171
150
130
JA11
.094

.816
.841
.864
.885
.903
919
933
945
955

1.8
1.9
2.0
2.1
2.2
2.3
24
2.5
2.6

079
.066
054
044
035
.028
022
018
014

.964
971
977
982
.986
989
.992
994
.995

2.8
3.0
0.841
1.282
1.645
1.96
2.326
2.576
3.09

997
998

.95
975
.99
995
.999

Student t table

Values t,, , of z for which P(|X| > z) = p, when X is ¢t,,

p 10 .05 .02 0.01 p .10 .05 .02 0.01
m 1 631 12.71 31.82 6366 {m 9 1.83 226 2.82 3.25
2 292 430 696 9.92 10 1.81 2.23 2.76 3.17
3 235 3.18 4.54 5.84 12 1.78 2.18 2.68 3.05
4 213 278 3.75 4.60 15 1.75 213 2.60 2.95
5 2.02 257 3.36 4.03 20 1.72  2.09 253 2.85
6 1.94 245 314 3.71 25 1.71 2.06 2.48 2.78
7 1.89 236 3.00 3.50 40 1.68 2.02 242 2.70
8 1.86 231 290 3.36 oo 1.645 1.96 2.326 2.576
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Chi-squared table

Values x; , of z for which P(X > z) =p, when X is X2 and p = .995, .975, etc

?T‘l

995

975 05 .025 .01 .005} kK .995 975 .05 .026 .01 .005

e}

000
010
072
207
412
676
990
3 1.34
9 173
10 2.16
12 3.07
14 4.07
16 5.14

[N L SN U S

~d

001 384 502 6.63 7.88| 18 6.26 8.23 28.87 31.53 34.81 37.16
051 599 7.38 921 10.60| 20 7.43 9.59 31.42 34.17 37.57 40.00
216 7.81 9.35 11.34 12.84| 22 8.64 10.98 33.92 36.78 40.29 42.80
484 9.49 11.14 13.28 14.86| 24 9.89 12.40 36.42 39.36 42.98 45.56
831 11.07 12.83 15.09 16.75| 26 11.16 13.84  38.89 41.92 45.64 48.29
1.24 12.59 14.45 16.81 1855| 28 12.46 15.31 41.34 44.46 48.28 50.99
1.69 14.07 16.01 18.48 20.28| 30 13.79 16.79 43.77 46.98 50.89 53.67
2.18 15.51 17.53 20.09 21.95| 40 20.71 24.43 55.76 59.34 63.69 66.77
2.70 16.92 19.02 21.67 23.59| 50 27.99 32.36 67.50 71.41 76.15 79.49
3.25 13.31 20.48 23.21 25.19| 60 35.53 40.48 79.08 83.30 88.38 91.95
4.40 21.03 23.34 26.22 28.30| 70 43.28 48.76° 90.53 95.02 100.4 104.2
5.63 23.68 26.12 29.14 31.32| 80 51.17 57.15 101.9 106.6 112.3 116.3
6.91 26.30 28.85 32.00 34.27|100 67.33 74.22 124.3 129.6 135.8 140.2

16.

17

The chi-squared goodness-of-fit test

The frequencies n, are grouped so that the fitted frequency @2, for every group exceeds
about 5.
2 (ny —y)* ST .
X = Z - is referred to the table of x4 with significance point p,
y y
where k is the number of terms summed, less one for each constraint, eg matching total

frequency, and matching T with p.

Joint probability distributions

Discrete distribution {ps,}, where p,, = P({X =z} N{Y =y}).
Let pge=P(X =z), and p., =P =y), then
Dea = szy- and P(X::L‘IY: ) — DPzy ‘

Y

*y

§
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19.

Continuous distribution

Jointcdf F(z,y) = P{X <z}n{Y <y} = /:r

Y
/ f(zo, yo) dzg dyo
Y

d2
Joint pdf flz,y) = %x(%’)
Marginal pdf of X Ix(z) = /;0:0 f(z, o) dyo
Conditional pdf of X given Y =y fxir(zly) = f(z,y) provided fy(y) >0
| fr(y)

Linear regression

To fit the linear regression model y = a+ fz by §, = @+ Bz from observations

(©1,%)y- -y (Zn,Yn), the least squares fit is v
52
The residual sum of squares RSS = 5, - S_“y
—~  RSS n—2 —~ .
0% = s = o2 is from x2_,
E@) = o, E(B) = 5,
2 _ 2 _ _
(@) = S50 ) = g, wv@f) = -
-~ 1 w7 2
U. = &+ Pz, E(@.) =a+ fz, var (7,) = {;_}_L{SL)} o?
f-o 0~ U~ —fz are each from ¢
€@’ =@’ % (5) "

Design matrix for factorial experiments | With 3 factors each at 2 levels

1 -1 -1 1 -1 1 -1
1 1 -1 -1 -1 -1 1 1
1 -1 1 -1 -1 1 -1 1
X - 1 1 1 1 -1 -1 -1 -1
1 -1 -1 1 1 -1 -1 1
1 1 -1 -1 1 1 -1 -1
1 -1 1 -1 1 -1 1 -1
1 1 1 1 1 1 1
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MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EXAMINATION QUESTICN / SOLUTION I (l,) E
2004-2005 QUESTION
Please write on this side only, legibly and neatly, between the margins g
] SOLUTION
i) P(BUC) =1, A
P(AUB)= 3, 2
P(A|B)=1+L =14, 3
P(AUB|BNC)=P{(AUB)NBNC)+P(BNC)=1+1=1. L
(ii) (a) P(sss) + P(fss) = p* + (1 - p)ap. &
(b) P(sfsfsf)+P(fsfsfs) _
=p(1 - p)g(1 - p)g(1 - p) + (1 - p)a(1 - pa(l — p)g ’
= (p+q)(1 - )%
Setter: M.J.Crowder ‘ “etter’s signature: 0T Cg’,mpév

Checker: R. Coleman Checker's signature: /<((f/w~u,



MATHEMATICS FOR ENGINEERING STUDENTS PAPER
am—
EXAMINATION QUESTION / SOLUTION o (L.) (=4
2004-2005 QUESTION
Please write on this side only, legibly and neatly, between the margins [—‘- :
. SOLUTION
4> 0because PN =r+1)>0and PN =r)/(r+1)20. 2.
4 =0 implies P(N=r+1)=0forr=0,1,2,.., 50 P(N = 0) =1 2.
PIN=r+1)=2P(N=r)=2;2P(N=r—-1). 2
PIN=r)=2P(N=r~1)=..=%P(N=0) 2
= TR P(N =7) = T3, 3PN =0)=e’P(NV =0),
Y
so P(N =r) = e \7/rl.
PIN=r|N>0=P(N=rnN>0)/P(N=0) )
Y
=\ /r)+(1-e)(r=12,..)
BN N >0 =32 rle™\7/r)/(1—e?)
- t
—(1-e M) lem AT A (r= 1) =2/(1~e?)
Setfer: M.J.Crowder Setter's signature: M\T WM

Checker: R. Coleman Checker’s signature: /{C



MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EXAMINATION QUESTION / SOLUTION I(h) 3
2004-2005 QUESTION
Please write on this side only, legibly and neatly, between the margins 5
5 SOLUTION
joint density f(yi,y2) = (y187¥) x (y2e7¥2) (since independent) 2
condiﬁional density f(y2 | y1) = y2e™¥? (since indspendent) pA
E(Y1) = [; yle ¥idy; =2 2.
E(3Y, - 2Y3) = (3% 2) ~ (2x2) =2 2
E(Y1Y3) = 2 x 2 = 4 (since independent) Z
P(Yy > 2Y1) = (" dys fo dya{yie Vigpe %}
=[5 {l-ve™¥l5, + [y, e ¥dy}dy: &
= [T y1e7V1 (2y1e” 1 + e~ )dy; = result given.
P{max(¥1,Y2) > 2min(Y7,Y3)} = P(Y2 > 2Y;) + P(Y1 > 2Y3) = 14/27. t
Setter: M.J . Crowder Setter’s signature: /'{U'()m«v@/

Thecker: R. Coleman Checker's signature: /{ C



MATHEMATICS FOR ENGINEERING STUDENTS PAPER
EXAMINATION QUESTION / SOLUTION heye
2004-2005 QUESTION
Please write on this side only, legibly and neatly, between the margins é
6 SOLUTION
Plymaxr Su) =Py S u) x P(yp Su) x ... = (u/8)". 2
density fn f(Ymaz) = P (Ymas < u) = nf """, 2
E(Ymaz) = fy u x n§~"u " du = nf/(n + 1) 3
E(yla,) = [y u? x nf"u""1du = nb?/(n + 2) 2
= var(Ymes) = 02325 — migyr) = n8%/{(n + 1)*(n +2)}. 2.
estimators
bias B(ymasz) = 6 = 8(3%; — 1) = ~0/(n+1) Z
bias E(nymin) — 0 = 8(55 - 1) = —8/(n+1) 2
variance var(ymez) = n62/{(n +1)*(n + 2)} Z
ariance var(nymin) = 72 x n6?/{(n+1)*(n+2)} ) 2

2 i

soratio=n
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